: Rational Equations And Rational Inequalities

1.3.1. Rational Equations

Definition:
An equation that can be written in the form of % = 0, where P(x) and Q(x) are
polynomials, Q(x) # 0.0
Examples:
1. Identify rational equations
2 _ 2
XM _ 0 ph.3x®-5x2+6=2-5x2 ¢.2°%=0 dZ_=p
6x+7 3% x73+41
Solution:
x?+5Inx . . . 2 . .
a. ——==0 lsnota rational equation because x“ + 5Ilnx is no polynomial.
b. 3x3—5x%+6=2—5x? isarational equation
C. 5’;;6 = 0 is not a rational equation because 3* is not polynomial.
2 =2 2_
d. 3= -0 isarational equation, because =X = 0 can be written “Z =1 =
x7°+1 xX7°+1 1+x
Solving Rational Equations:
To solve rational equations of the form % = 0, we just follow the steps
Step 1: restrict the domain, i.e Q(x) # 0
Step 2: solve the polynomial equation P(x) = 0
Step3: put the solution set
Example:
1. Find the solution set of the following equations
x?-5x+6 x 3 5 1 3 x? 3x 2x
@ e 70 Pt fGatimTas Yant mare T
e Trx_ gree_ 1 _ 10
I "x-5 x+5  x2-25

2. Two planes leave an airport flying at the same rate. If the first plane flies 1.4 hours longer than
the second and travels 2700 km while the second plane travels only 2025km, for how long was
each plane flying?

3. A tree casts a shadow of 24 m at a time when 2 m tall child casts a shadow of 1.5m. What is the
height of the tree?

4. Two cars C;and C, start at the same time to make a trips from A to B and from B to A
respectively. The two cars have constant speed of 70km/h and 80km/h respectively and the
distance between A to B is 65km. if the two cars meet after t minutes, then find the value of t?



Solution:

952—25x+6:0
xX“—2
= domain: x> -2 #0
> X F \/forxi—\/f
= x2-5x4+6=0

=>x-2)x-3)=

>x=20rx=3
Then s.s ={2,3}

Ct+t=_2

x—1 4—-3x 6x—8

domain:x # 1 3
5(4—-3x)+(x-1) _ -3

(x-1)(4-3x) ~ 2(4-3x)
5(4—-3x)+(x—1) _ -3

(x—1) 2
20-15x+x—-1 3
x—1 -2

=2(19—-14x) =3 —3x

= 38—-28x=3—-3x

:35=25x:x=§
Thens.s={g}

Domain:x # —1,0,1

>1+isx-2=0
X X

x+1 | x2-1

x Tox
x+1 x

=0
=0

-1 (x+1)
1

5—=0
x—1
= 1=0Iis false

Therefore s.s = @

b X =2

x—1 - x+1
= domain:x = 1,—1

>x(x+1)=2(x-1)
>x24+x=2x-2

=2>x2—x42=0

b? — 4ac < 0, it has no real solution.

2
x 3x 2x
d—+ 5——=—=

" x+3 x2+x—6  x+3

domain: x # —3,2

x? 3x 2x _
:>m+ m—m LCM—(X—Z)(X+3)
x2(x-2)+3x _ 2x(x-2)

(x=2)(x+3) ~ (x=2)(x+3)
= x%(x—2) +3x = 2x(x — 2)
= x3 —2x% +3x = 2x% — 4x
=>x3-2x2-2x24+3x+4x=0
=>x3—4x*+7x=0
>x(x?—-4x+7)=0

>x=00rx>—4x+7=0
>x=00rx?—4x+7+#0

s.s = {0}
g4 T _ 10
"x-5 x45  x2-25
= domain: x # —5,5
(x+4)(x+5)—(x—5) _ 10
(x-5)(x+5)  (x—5)(x+5)

>x+4)(x+5 —-(x-5)=10
>x2+9x+20—x+5—-10=0
>x2+8x+15=0
=>x+3)x+5)=0
=2x+3=00rx+5=0

>x=-3o0rx=-5
s.s ={=5,-3}



2. Given the two planes are flying at the same rate
Let v, be speed of the first plane, v, be speed of second plane.

,S1,S5 be distance covered by plannes respectively while t; and t, be the time
of flight of the planes.

S S S
v, == andv2=t—2 > v =, then—1=t—2
2 1 2

From the question s; = 2700km, s, = 2025km and t; = 1.4 hours + t,

51 S5 2700 _ 2025
—_= = D —
ty t, 1.4+t, ty

, domain:t # —1.4,0
= 2700(t,) = 2025(1.4 + t,)
, = 2700t, — 2025t, = 2835 = 675t, = 2835 = t, = 4.2 hours
=>t;=14+t,>t; =14+4.2=75.6 hours

Answer: the first plane flies 5.6 hours and the second plane flies 4.2 hours to cover the given distances.

3. Given
T A

A 20A TALL BOY

D

* 24 WIETE SHADOW +

From the figure, we can get similar triangles AABC ~AEDC ....... AA similarity theorem.
Applying the property of similarity of triangles we have:
4B _BC_AC LAB_BC . From side proportionality.
ED DC EC ED DC
Let AB be x m long, then 48 _EC
ED DC
x_ 24
2 15

Domain x € R*
,1.5x = 2(24) > x =32
Answer: the height of the tree is 32m.



4.

GivenCyand C, be two cars

70KM/H 80KM/H
_ — ;

65 KM
; *

, The two cars are starting their trip at the same time and distance s = 65km
Let two cars start at t, = Ohours, they meet at a distance of xkm from first car and
65 - x km from the second car at t hours.

ie. A | B
x _km S ‘ 65— xkm
N
Butt = - = 658;x = 80x = 70(65 — x) where 0 < x < 65
, = 80x = 4550 — 70x = 80x + 70x = 4550
= 150x = 4550 = x = % =30.33
= x=3033kmand t = = = % = 0.43 hours

Therefore the two cars meet at t = 0.43 hors

1.3.2. Rational Inequalities

Definition: A rational inequality is an inequality which can be written of the form:

o = prot 0 Where p(x)and q(x)are polynomial expressions,q(x) # 0

Example:

Which of the following are rational inequalities?

— i _ 2
a 0 oo5_14x  b.3F > X LS R b e
6—25x 5x 8x+6 x“+5x+6
Solution:
a) zi’;’;z < 25—14x,= 35x + 6,6 — 25x and 25 — 14x are polynomials thenitis a

rational inequality.

b) 3* > 585—;x is not a rational inequality, since 3¥is a polynomial.
5x+sinx
c)

8x+6

> 0 is not a rational inequality , since sin x is not polynomial



6—21x2%+1
x2+5x+6

d)

> 0 is arational inequality

Solving Rational Inequalities

Note:

let % be a rational expression then
P(x)

Case 1. If @ > 0,then P(x)and Q(x)have the same sign
i.e. i. P(x) >0and Q(x) > 0or
ii.P(x)<0andQ(x) <0

Case2. If % < 0,then P(x)and Q(x)have opposite sign

i.e. i.P(x)>0and Q(x) <O0or
ii.LP(x) <0and Q(x) >0

Examples:

1. Solve = >0 2. solve X2 <0
x—1 x—1

Solution

1. Usecasel
Domain = R/{1}
, = X >0
x—-1
, 2i.x>0andx—-1>0
Take the intersection of the two inequalities

T T

Bl il N S N O W

[ ] T = =
The intersection:x >0 Nx>1=x>1
Therefore ss; = {x:x > 1} = (1, =)
Jlbx<0andx—1<0
=Sx<0andx<1

i == T
=

= —_ - i
intersection: x < 0Nx<1=x<0



SS; ={xx <0} =(—,0)
The solution is the union of two sets
=>ss=55; Uss, ={x:x<0}u{xix>1}={x:x<0orx>1
=<0
i. x+2>0andx—1<0=2x>-2andx<1
>x>-2Nx<1=-2<x<1
=>s5=—-2<x<1=(-2,1)
ii.Lx+2<0andx—1>0=>x<—-2andx>1
>x<-2nx>1={}
=55, =0
Therefore the solution set becomes
=>ss=5s; Uss,==(-2,1)u{}=(-2,1)

[ ]

General steps solving rational inequalities using sign chart
Step 1: restrict the domain

Step 2: factorize the numerators and denominators

Step3: determine the boundary points on a number line to get intervals on the sign chart

Step 4: check the sign of each factor on each boundary

Step5: put the solution according to the sign of inequality by observing the sign if last row

Example :

1. Solve the inequalities using sign chart

x+2 2x%4x-1 1 x x2

L — = 2 . -<—+41 .

a x—1_x+ bx2—4x+4_0 Cx_x— + dx2+2_O
x’+4 1, 2 5 27-2x x 1-5x _ 9-3x
. flyl<cl . <*?*_9 p

& <0 3+x2_3x txs 9 x+1 — x-3

Solution:
x+2

a —=2x+2
x—1
Step 1: Domain = R/{1}
Re- arrange the inequality

xt2 MDD >0 . LCM=x — 1

= ;:I—-(x +‘2) >0 =,

x+2—(x%—x+2x-2 x+2-x2—x42
( ) >0 oe——>0
x—1 x—1

Step2: & 0

x%—4 <0 o (x=2)(x+2) _
x—1 x—1




Step3: The boundary pointsareatx = —2,1 and 2
Step4: construct sign chart

x< =2 x=-2 —2<x<1 x=1 1<x<2 x=2 x> 2
x> -4 i 0 - - - 0 Ak
x—1 - - - 0 + - +
x2—4 - ] + A - 0 +

x—1

The symbol 2 in the table shows the set does not include that point or open interval
«»+ Solution set contains the intervals with negative sign on the last row.
S5 = (—o0,=2]U (1, 2]

2x2+x—-1 (2x-1)(x+1) >0
" x2-4x+4 (x-2)(x-2) —

domain = R/{2}

Boundary points x = —1 % and

Sign chart

x<-1|x=-1| -1<x<1/2 1| 1 x=2 | x>2

X =z =—<x<2
2 2

2x2+x—1 + 0 - 0 + +
x2—4x+4 + + + + + 0
2x +x—1 + 0 - 0 + A
x2—4x+ 4

ss=(—o,—-1] U EZ) U (2.0)
cicXttlei-E_1<0
X X— X xX—

domain = R/{0,1}

ol _1g0 e )
x  x-1 x(x-1)

0

x—1—x%—x%4x

= <0
x(x—1)
—2x%+2x-1
x(x—1) =0

—2x% 4 2x — 1 doesn't be factorized




The boundary pointsareat x =0,1

Sign chart
x<0 X 0<x<1 x=1 x>1
=0
—2x*+2x—1 - - - - -
x(x—1) + 0 - 0 +
—2x*+2x-1 - 4 + 2 -
x(x—1)
§s = (_0010) U (1'00)
d. = >0
x4+2
o xz(x) >0
x“+2
domain = R
Boundary points at x = 0 since x2 + 2 > 0
Sign chart
x<0 x=0 x>0
x? + 0 +
x% +2 + + +
x? + 0 +
x2+2
The solution set ss = R since the last row is either zero or positive
2
e .xx;'4 < 0 domain = R/{0}
The boundary point is atx = 0 but x? + 4 cannot be factorized
Sign chart
x <0 x = x>0
x* 42 + + +
x"2 + 0 T
x*+4 + A +
XZ
The solution set= @
1, 2 5 L
e) 3t<% d(z)mam—R/{O} 2
’l+£_i <0 x%+3(2)-5(x) <0 o x%=5(x)+6 <0
3 x? 3x 3x2 3x2

(x—2)(x—3) <0

3x2

Boundary pointsatx =0,2,3




Sign chart

x<0] x=0 0<x<2 =2 2<x<3 =3 x >3
x2—-5(x)+6 + + + 0 - 0 +
3x2 + 0 + + + + +
x2—-5(x)+6 + A + 0 - 0 +
3x?
The solution set ss = [2, 3]
f) ¥+xs’%4—9®¥+x—(’%4—9) < 0 domain =R
, 27—2;+3x _ x—4—18 <0 27+x _ x—222 <0
Now 2(27+x)—6(3(x—22)) <0 (12(;—x) <0
Boundary at x = 120
x <120 x =120 x> 120
(120 — x) + 0 -
6 + + +
(120 — x) + 0 -
6

Solution ss = [120, o)

g) Leftas an exercise for you!!!! solutionss = (—co0,—1) U [2,00)




