Lesson 2: Special Types of Matrices

I. Symmetric matrix
ii. skew-symmetric matrix
i.  Symmetric matrix
Definition: any square matrix A is said to be symmetric if it is equal to its transpose.

ie.A=A"
Example:
1 -1 2
1. ShowthatA=(—-1 0 3 ]issymmetric?
2 3 1

2. Which of the following matrices is /are symmetric?
a b c 1 2 =2 2 3
A= (b d e) B= ( 2 =2 4 ) C= (3 1)
c e h -2 4 3 1 4

3 r—2s x+3
3. LetA=(2r+3s 2x+3r 3r+5 |beasymmetric matrix then find x, r and s?
5 -7 25s—6 3r

Solution:

1 -1 2
1. ifA=<—1 0 )thenAt

2 3
~ A s a symmetric matrix

1 —1 2
-1 = A=A

2

c e h

1 2 —2
B=(2 =2 ,then Bt = = B =Rt
2

a b c a b c
2. .A=(b d e|,thend®=|b d e = A = At . Ais symmetric
c e
-2 4 3 (

,therefore B is symmetric

2 3 2 3 1
C=|3 1]andcCt= ( ) = C # C! - cis not symmetric
1 4 3 1 4

3 r—2s x+3
3. A= <2r +3s 2x+3r 3r+ 5>
5x -7 25—6 3r
If A is symmetric then A® = A

3 2r+3s 5x-—-7 3 r— 28 x+3
.$<r—25 2x + 3r 25—6)=(2r+3s 2x + 3r 3r+5>
x+3 3r+5 3r 5x—-7 2s—6 3r

,=>x+3=5x—7=>4x=10=>x=;

= 2r+3s=r—2s and 2s—6=3r+5



5 55
Therefore the values of x, r and s are T

r+55=0 _ _ B
,{25 —3r=11 = r = —5s and substite r by — 5s

28 —3(—5s) = 11l=s==andr=-5s=—=

17 >

11 .
and — respectivel
17 17 'esp y

Skew Symmetric Matrix

Definition: any square matrix A is said to be skew-symmetric ifA = —Ator A* + A= 0

Example :

1.

Which of the following matrices are skew-symmetric?

0 -1 4 0 a b 1 2 3
A= 1 0o 7 B=|-a 0 —c C=(2 5 4
-4 -7 0 -b ¢ 0 3 4 6

For any square matrix A Show that A — At is skew- symmetric?

_(cosf —sinf t _4t2_(1 0
IfA_(sinB Cose)then show that A4 —AA—(O 1)

1 x 2
Let A= (0 1 O) find x, y, z such that
y z 5
i.A is symmetric
ii. A is triangular matrix

1 2 3
LetA={4 5 6 |beamatrix, then find
7 8 9

A+At . .
a. B= Tand show B is symmetric

gt
b. D= % and show D is skew-symmetric
C. showthatB+D =A

Solution

0 -1 4 0 1 —4
1. A=<1 0 7)andAf=<—1 0 —7)
—4 -7 0 4 7 0
0

0 -1 4 1 —4 0+0 -—-1+1 4+(—4)
,A+Af=<1 0 7)+(—1 0 —7)=(1+(—1) 0+0 7+(—7)>
-4 =7 0 4 7 0 —4+4 -7+7 040
0 0 0
A+ At = (0 0 0)
) 0 0 0/ )
Therefore A is a skew- symmetric matrix.

0 a b 0 —a -b
B=(-a 0 —c|andBt=(a 0 c
—-b ¢ O b —c O




0 a b 0 —a -b 0+0 a+(-a) b+(-b)
B+Bt:<_a 0 —c)+<a 0 c):(—a+a 0+0 —c+c>
-b ¢ O b —c 0 —b+b c+(—c) 0+0
0 0 O
B+B¢ =<0 0 0)
0 0 O
Therefore B is skew-symmetric

1 2 3 1 2 3 1+41 242 3+3
C=<2 5 4>andct=(2 5 4>=>C+Ct=<2+2 545 4+4>

3 42 64 3 4 6 343 44+4 6+6
,=>C+Ct= (4 10 8 ) therefore C is not skew-symmetric since C + C¢ # 0
6 8 12

For any square matrix A Show that A — At is skew- symmetric?
Let A be asquare matrixthen A — A + (A—ADNt=A—-A' +A'—A=0
It Shows that A — At is skew — symmetric
_(cos8 —sinf t _ (cos@ —sinB\ [ cos@ sinf
A _(sine cosf ) and AA" = (sinG cosf )(—sine 6059)

(cosO —sin@)( cos6 ) (cos® —sind) (sin@)

AAt — —sin@ cosf
. cosf . sinf
(sinf cos0) (—Sine) (sinf cos0) (6059)
- cosBcosBO + sinfBsinf cosOsinfg — cos@sin@)
sinfcosf — sinBcosf sinBsinf + cobcosb
_ (cos? 6 +sin? 6 0 ) 2 5
= , where 0 60=1
( . 0O sin? 0 + cos? 6 cos™ o+ sin
¢ . ] . .
,AAY = (0 1) IS a 2 X 2identity matrix
1 x 2
A= <0 1 0) i. if A is symmetricA = A*
y z 5
1 x 2 1 0 y
Then<0 1 0)=(x 1 5)=x=0,y=2andz=0
y z 5 2 0 5

ii.if A is triangular

a. if Aiis upper triangular, theny=z=0and x € R
if A'is lower triangular,thenx=0and y,z € R
if Aisboth,x=y=z=0.

b
C.
1 2 3
A= (4 5 6>
7 8 9

A+At . .
a.B = — and show B is symmetric

) L 1 2 3 1 4 7 L 2 6 10 1
B:E(A+At):E (4 5 6>+<2 5 8) =5<6 10 14>=<3
7 8 9 3 6 9 10 14 18 5



1 3 5
B=(3 5 7]|issymmetric

5 7 9
b. D= —A and show D is skew-symmetric
D=—(A AY)
1 2 3 1 4 7 10—2—4 0o -1 -2
456 258=520—2=10—1
9 3 6 9 4 2 0 2 1 0
-2
= —1 | is a skew- symmetric matrix
2 1 0

c.showthatB+D = A

1 3 5 0 -1 -2 1 2 3
B+D =35 7]+(1 0 -1|=[|4 5 6
5 7 9 2 1 0 7 8 9
Note (generalized from the above)

Any square matrix can be expressed as the sum of symmetric and skew-symmetric matrices

Elementary Operations on Matrices

Definition

An elementary operation of matrices is a simple operation made on rows or columns which aims
transforming any matrix to row or column equivalent matrix.

Some Elementary operations

= Elementary row operations
= Elementary column operations
i. Elementary row operations:
%+ Operation Methods
Swapping:- interchanging rows of a matrix (R; < R;)
Re-scaling:- multiplying a row of a matrix by anon zero constant (R; — kR;)
Pivoting :- adding constant multiple of one row of a matrix on to another row.(R; — R; + kR;)

Example



5 2 3
1. LetA= (1 5 6>be a matrix the transform A to its row equivalent matrix using

7 8 9/
elementary row operations

Solution:

Step 1: row interchange ( swapping)

1 5 6
Ry &R, (5 2 3)
7 8 9
Step 2 : re-scaling row 1 to eliminate row 2 and 3
a. To eliminate first entry of row 2 multiply row one by -5
Ry - —=5R; = R, = (-5 —25 —-30)
b. To eliminate first entry of row three multiply row one by —7
R = —=7RL = R, = (=7 —35 —42)
Step 3: pivoting ( adding the rescaled rows to row 2 and row 3 respectively)

1 5 6 1 5 6
Ry — R, + —5R; (5 +(=5) 2+(-25) 3+ (—30)) = (o —23 —27)

7 8 9 7 8 9
1 5 6 1 5 6
y Rz — R; + —7R; ( 0 —23 —27 ) = <O —-23 —27)
7+ (=7) 8+ (—35) 9+ (—42) 0 —-27 =31

Step 4: again rescale row two to eliminate second entry (-27) of row three

27 729
,Rz_)_ERz—(O 27 E)

Step 5: pivoting (‘adding rescaled row to third row to eliminate -27

1 2 6 1 5 6
Ry — Ry +-2R,[ O —23 27 = 8 —33 -27

0+0 —-27+27 —31+§ =

The elementary operation we do transforms matrix A to its row equivalent matrix

0 =23 =27 s the row equivalent matrix for A= (1 5 6)

16
005 7 8 9

ii. Elementary column operations:
% Operation Methods
Swapping: - interchanging column of a matrix (C; < C;)
Re-scaling:- multiplying a column of a matrix by anon zero constant (C; — kC;)
Pivoting:- adding constant multiple of one column of a matrix on to another column



Example:
0 1 3
2. 1L.LetA=|1 1 2 |beamatrix the transform A to its equivalent matrix using
2 3 4

elementary column operations
Solution:
Stepl: swapping
1 0 3
' Cl s CZ 1 1 2
_ 3 2 4
Step2: rescaling C; — —3C; to eliminate first enry on column three

-3
,C1 — —3C, <—3
-9

Step 3 : pivoting (eliminate first entry of column three by adding rescaled column

1 0 -3+3 1 0 O
3 2 —-94+4 3 2 -5

Step 4: pivoting to eliminate second entry of third column by direct addition with column

two

1 0 040 1 0 0
(3 —C3+Cl1 1 —-14+1)=[1 1 o0

3 2 —-5+42 3 2 -3

1 0 O
<1 1 0 ) is column reduced formof A
3 2 -3

Echelon form of a matrix

Definition:
A matrix is said to be in row echelon form if:

= A zero row( if there is ) comes at the bottom
= The first non-zero entry in each non-zero row is 1
= The number of zero entries down the row is increasing.




Example:

1. ldentify which of the following matrices are in echelon form
1 5 8 1 3 4 1 6
A= <O 1 3) B = (0 0 0) C = (0 1>
0 0 O 0 0 1 0 0

1 2 0
o= 9= D) o=(o 0 2

Solution:
= Matricess A, C,D and E are in row echelon form.
= matrix B is not in echelon form because the number of zeros on second row is
greater than the number of zeros on third row.
= Matrix G is not an echelon matrix because the first non- zero entry on the second
row is not 1

Definition:
A matrix is said to be row reduced echelon (RREF) if and only if

= |tisinechelon form
= The first non-zero entry in each non-zero row is the only non-zero entry in its column.

Example:

1. Identify which of the following matrices are row reduced echelon matrices

10 0 1 2 0
_ _ /120
A—<O 1 o) B—(OZ o) C_(oo 1)

0 0 O 0 0 1

Solution:
= Matrices A and C are in RREF
= Matrix B is not in RREF because the first non-zero entry on row two is not the
only nonzero entry a cross its column.

2. Reduce the following matrices in to row echelon form.
1 2 3 3 2 1 2

a. (4 5 6) b. (1 31 2>
1 1 7 21 4 3

Solution




1 2 3 1 2 3
a.= R, = R, + —4R; |4+ (-4) 5+ (-8) 6+ (—12) 0 -3 —6
1 1 7 1 1 7

1 2 3 1 2 3
0

1+(-1) 1+(=2) 7+(-3) -1 4

R 1 2 3
,=>R2—>—§0 1 2

0 -1 4
1 2 3 1 2 3
,=R; > Rs+R, [0 1 2 |=(o0 1 2
0 —1+1 4+2 00 6

R3

1
,ﬁRg —>? 0
0

S RN
ol W

1 2 3
= <0 1 2)
0 0 1

1
o (0 2) is the row echelon form
0 0 1

321 2 1 3 1 2 1 3 1 2
b.{1 3 1 2|=R <R3 2 1 2|=>R,—R,+-3R, (0 -7 —2 -4

_ N
w

2 1 4 3 2 1 4 3 2 1 4 3
1 3 12 fr 3 12
,:R3—>R3+—2R1<0 -7 =2 —4)=>R2—>—72 0 1 > s
0 -5 2 -1 0 -5 2 -1
1 2 1 3 1 2
2 4 7 o 1 2 2
,3R3_>R3+5R2 7 7 $R3_)ZR3 7 7
24 13 13
0 0 — — 0 01 —
7 7 24
1 3 1 2
01 22
7 7 | is the echelon form
001 =

24

3. Reduce each of the following matrices in to row reduced echelon form(RREF)
1 2 3 3 2 1 2
a. (4 5 6) b. (1 31 2)
1 1 7 21 4 3

solution:



1 2 3 1 2 3
a = Rz — Rz + —4R1 (0 -3 —6> = R3 — R3 + _Rl <0 -3 —6>
1 1 7 0 -1 4
R 1 2 3 1 2 3
,=>R2—>_—; 0 1 2|=R;—R;+R,|0 1 2
0 -1 4 0 0 6
R 1 2 3 1 -1
11:R3_,?30 1 2|=R,— R +-2R,[(0 1 2
0 0 1 0 0 1
Ri—R1+R 100
1R ThR3
= R;—Ry+—2R5 8 (1) (1)
1 0 0
) <0 1 0) is the row reduced echelon form
0 0 1

3 2 1 2
b. (1 3 1 2)
2 1 4 3

13 1 2 1 3 1 2
=>R1<—>R2<3 2 1 2)=>R2—>R2+—3R1<0 -7 =2 —4)
2 1 4 3 2 1 4 3
1 3
Cs 1o N 12
= R; > R;3+—-2R;|0 -7 -2 —4|>R,———|0 1 - =
0 -5 2 -1 77
0 -5 2 -1
13 1 2 1 1 2
2 4 2 4
SRy >Ry +5R, [0 1 7 7 | Ry — ZRy( 0 7 7
00 = 2 001 =
7 7 24
10 =2 100 =
7 7 Rt in 13658
_ 2 4| | RRitRs 35
=R, — Ry, + 3R2k0 1> 173):R2_)R2+_§R3k0 1 0 84)
13
00 1 - 00 1 —

/ 10 0 ﬂ\
168
~lo 1 0 Z—i | is the row reduced echelon form.

13

00124



