Lesson 3 : System of Linear Equations

Definition:

Leta;j,b; ER fori=123,..mandj = 1,2,3,..,n. Afinite set of linear equations;

a11x1 + a12x2 + -4 alnxn = b1
alel + azzxz + -+ aann = bz

N P . : -
Am1Xm Am2 X2 amnxn bm

is said to be asystem of linear equations with n variables i.e. x1, x5, x3, ...., xp,

Example:

1. Determine the number of equations and variables that the following system of linear
equations do have?

A

B.
3x + 5y +z+r=0 x—5+z=6
x —5y+ 3z+8r=0 5x+3y—6z=0
'5* +y—5z +6r=0 2x+y—9z=2

7Xx+2y—3z—-9r=0 7x+8y+z=6

Solution
A. The system has
e Four equations
e Four variable
e It is a homogenous equation

B. the system has
* four equations
* three variables
* it is a non-homogenous equation

0,

% NB In a Linear System
a11x1 + a12x2 + -+ alnxn == b1
. a21X1 + azzxz + -+ aann == bz

Lo Ly _ i
Am1Xm amzx2

by
b,

where, are all zero we call it homogenous system oflinear equations

and are non- zero we call it non-homogenous system of linear equations.



% The above system of linear equation can also be written in the form, AX = B

X, b,
= X= xz and B= b:Z
X b
ai; Q12 Q1n
= A= % aszz a?n is the coefficient matrix.
Am1  Am2 a1;1n
a;;1 iz -+ Gan by
. (4B) = | %2 G2 af" bf is the augmented matrix
Gy Gpy G b,,
Example
1.
2. ldentify

a.  coefficient matrix
b. augmented matrix for the following equation
x —5 +z=06
5 + 3y—6z=0
2x +y—9z= 2
7x+ 8y+ z=6

Solution
1 -5 1
.. .. _ 5 3 —6
a. the coefficient matrix is A= 5> 1 —9
7 8 1
1 =5 1|6
S |5 3 =6]0
b. the Augmented matrix is (4|B) = 5 1 ol
7 8 116

1.8.1. Solutions of System of Linear Equations

There are different methods of finding solutions
= Elimination
= Gauss- method
= Gauss-Jordan method
1. Elimination method
= This method is effective on 3-4 number of equations and variables.
Example



x+y+z=3
Solve the system { x—2y+z=1
3x+2y—3z=4
Solution

Eliminate the number of equations

{x+y+z=3 {x—2y+z=1 { x+y+z=3
x—2y+z=1 3x+2y—3z=4 3x+2y—3z=4
=x=3-y—z x=1+2y—z x=3-y—z
>3—-y—z-2y+z=1 3(1+2y—z)+2y—32:4 x:3—§_1_z
= —3y=-2 3+6y—3z+2y—3z=4 :541_825
=>y=§ 8y —6z=1 x:i_z
o, = Byl
6
2
8(=)—
L
6
13
>z=—
18
Solution of the system is a row matrix (¥ Y Z)=(i—z % 1—2)

2. Gaussian Method
Gauss used elementary row / column operations on augmented matrix

= Swapping:- interchanging rows of a matrix (Rl- — Rj)

= Re-scaling:- multiplying a row of a matrix by anon zero constant (R; — kR;)

» Pivoting :- adding constant multiple of one row of a matrix on to another
Examplel

x+y+z=3
1. Solve the system using Gauss method { x—2y+z=1
3x+2y—3z=4
Solution

Transform in matrix form;

1 1 1 x 3
A=|1 -2 1 ],X= (y),B = | 1 ] where X is the solution vector
3 2 =3 z 4

1 1 13
Stepl: Augmented matrix A|[B=(1 -2 1 |1
3 2 =314

Step 2: change A|B into echelon form



1 1 1 3 1 1 1 3
R, — —R;+R,[0 -3 0 —2| =,R; —» 3R, +R;[0 -3 0 -2

3 2 -3 4 0 -1 —6 -5
) 11 1 3 1 1 1 3
=R3 = =R, +R3{0 -3 0 _123 {0 -3 0 _123 is the echelon form
0o 0 -6-3/ \0o 0 —-6-7
Using back substitution[0 -3 0 —2 | = —3y=-2
_1B 13
0 0 —-6—73 —6z = -3
13 13 2 2 13 29
P I= 5T, ,3y=-2=y=; andx=3-y—-z=3 ;- =
2_9
X 18
. . 2 29 2 13
Therefore the solution is = <3ZI) =]z | oo(x ¥ 9)= (E s E)
13

18

3. Gauss — Jordan method
= This method uses the method of row reduced echelon (RREF)
= Eliminate until coefficient matrix is changed into an identity matrix

Examplel:
x+y+z=3
1. Solve the system using Gauss-Jordan method { x—2y+z=1
3x+2y—3z=4

1 1 113
step 1 Augmented matrix A|B = (1 -2 1 1)
3 2 -3I4
Step 2 : reduce rows;
1 1 1 3 1 1 1 3
R, — —R; + R, <0 -3 0 —2) =,R; — —3R; + R; (0 -3 0 —2>
3 2 -3 4 0 -1 -6 -5
3
1 (1 1 1 g 11 1 2
=>R2_>_§R1 0 1 0 § :>R3_>R2+R3 0 1 0 3
0 -1 -6 0 0 —6 13
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1 00 128
=R ——-R3+R{|0 1 0 3 here the coefficient matrix is transformed in to identity
0 0 113
18
=2 29
18 x 18
2 2
Then y=3 =><y>= 3
13 A 13
zZ=— —
18 18

3.8.2. Different Solutions of System of Linear Equations

There are three solution types
= Unique (one) solution ( consistent)
= Many solution ( dependent, consistent)
= No solution ( inconsistent)

1. Unique (one ) solution
= A linear system has unique solution if and only if it has only one solution.

Example:

3x+4y =6

a. Solve {x—2y=1

Solution:

let l1:3x +4y = 6and l,:x — 2y = 1 be two lines , if |, andl, intersect at a point then the

system has one solution.
Find intersection pointx =1+ 2yand 3(1+2y)+4y=6= 10y =3 =y = 110

3 16 8., . . o _ 8 3
Andx =1+2 (1—0) == Ethe intersection point is at (x,y) = (5,10)



3x+2y—z=6
b. Solve x — 2y + 3z = 3 using gauss method.
2x+y+z=4
Solution

3 2 -1 3 2 -—-16
LetA={1 -2 3 |bethe coefficient matrixand AB=(1 -2 3 3]be

2 1 1 2 1 1 4
augmented matrix

1 -2 3 3 R, — —3R, +R, 1 -2 3 3
=R <R, (3 2 -16 :R S 9R TR 8 -—-10 -3
2 1 1 4 3 178 \g 5 -5 -2
1 -2 3 3 x—2y+3z=3
=R; — —2R,+Ry|0 8 —10 =3 Then back substitution 8¥ —10z = -3
8 5 1 5 -1
O 0 - - - -7 = —
4 8 4 8
1 4 -1
>Z=—- .- =—,
8 5 10
1
-3+ 10z _3+1O(_ﬁ> o ve3iy_3se3_ 14023
el = = = —— = — — —_ —_
Y 8 8 g anax y =z 10 10
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Note: For a linear system



1 -2 3 3
» A|B = 0 8 _510 _3i has three non-zero rows.

2 8
1 -2 3

= A=(0 8 _510 has three non-zero rows
0

= The number of rows of coefficient matrix A is equal to number of rows of
augmented matrix A|B
= The system has unique (one) solution.

2. Many(infinite) solution
= The last row of reduced augmented matrix is zero.
= Graph of equations coincide to each other.

Example
2x—3y =1 .
a. Solve 4x — 6y = 2 graphically
Solution

Determine the intersection point and draw the graph
{2x—3y=1=>—4x+6y=—2
"4x — 6y =2 4x — 6y = 2
points. Solution = R

= 0 = 0 the two lines meet at infinitely many

x +y—3z=3
b. Solve the linear system x — 3y + 2z = 5 using Gauss method
2x—2y—z=28

Solution



1 1 -3 1 1 -3 3
Let A= <1 -3 2) is the coefficient matrix and A|B= (1 -3 2 5) be augmented

] 2 -2 -1 2 -2 -1 8
matrix
e (11 -3 3 1 1 -3 3
=>-——210 -4 5 2|=R;— —R,+R;{0 -4 5 2
R3—)—2R1+R3
0 -4 5 2 0 O 0 0

Here you observe that the last row is a zero row. So the system has many solutions.
, back substitution

x+y—3z=3
y _ = = here the number of equations is less than number of variables
—4y +5z=5
The solution we fix is dependent on a certain variable we fix (parameter).
Let z = tER,=>—4y+SZ=5=>y:—5_452:$
Andfromx+y—32=3=>x=3—y+3z=>x=3—$+3t
7t 17
=X =—+—
4 4
7t+17
X Z 7t 17
= Therefore our solution is <y> = | 5t=5 |= (51: + (—5)) ....dependent
z 4 t 0

t
3. No Solution ( Inconsistent)

= The system has no set of values satisfying the equations symaultinously.
= The lines do not intersect at all.

Example:
x+2y=5 .
a. Solve 3x + 6y = 8 graphially
Solution:

let’s find the intersection point of the equations x = 5 — 2y and 3(5 — 2y) + 6y = 8
= 15 -6y + 6y =8 = 15 = 8is false.
Therefore it has no intersection point.( no solution)

Graphically



TS
=2 ™~
b. Solve the system using Gauss method
x +y—3z=3
,x—3y + 2z=5
2x—2y—z= 6
Solution:
1 1 =3 1 1 -3 3
Let A= <1 -3 2) = coefficient matrix, A|B= (1 -3 2 5> be augmented
) 2 -2 -1 2 =2 -1 6
matrix

ean (1 =33 1 1 -3 3
R3—)—2R1+R3
0 -4 5 0 ) 0 O 0 -2
The row reduce form shows that the system has no solution.
Note

1 1 -3 3
= AB=|0 —4 5 2 |hasthree non-zerorows
0 O 0 -2

1 1 =3
= A= (0 -4 5 ) has two non-zero rows
0O 0 O
» the number of non — zero rows of A is less than the number non —
zerorows of A|B
= The system has no solution

Examples:

1. Find the values of ¢ for which the system give below has an infinite number of solutions
{ 2x—4y =6
"(-3x+6y=c



x+2y—3z=5
2. For what values of k does§ 2x —y —z =8 has a unique solution?
kx +y+2z=14
3. Find the values of ¢ and d for which both the given points lie on the given straight line
Liex +dy=2;(1,4)and (2,16).
4. Find a quadratic function y = ax? + bx + ¢ contains the points (1,9), (4,6 )and (6,14)?

Solution

_(2 -4 6 3 2 -4 6
Lotetdls = (5 ) V)= R iR+R (5 0
Since the system has many solution, the last row mustbe zero =>c—-9=0=c =9
x+2y—3z=5 1 2 -3 5
2. {2x—y—z=8 andA|B=<2 -1 -1 8)

kx+7y+2z =14 k 1 2 14

_, Reo—2R;+Ry (é _25 _53 _52 )
| ReTTMRMRS\0  ok 243k 14— 5k
1 2 _3 g
SR —-zR(0 1 —1 c

0 1-2k 2+3k ,°
1 2 -3
= R;— 2k—1DR,+R;|0 1 -1

0 0 k+ 3 _24k+68
5

g N~ —

,Jif it has unique solutionk +3 #0 = k # -3
,= therefore k € R\{—3}

3. substitute xand yontol:cx +dy = 2
at(1,4) = c+4d =2and at (2,16) = 2c + 16d = 2
c+ 4d =2

Then it gives a system {Zc +16d = 2

(1 4 2 _ 1 4 2
=aB=(, 1o 5)=R—2R+R(; 5 )
Backsubstitutionc8-|;l4_d__22:>8d=—2=>d=—i andc=2—-4d=2+1=3

c 3
Therefore (d) = (_ i)
4. y = ax? + bx + ¢ contains the points (1,9), (4,6 )and (6,14)
substitution
at (1,9) 29=a(1)+b(1)+c =a+b+c=9
At (4,6) =>6=a(4)?+b(4)+c=16a+4b+c=6
At (6,14) = 14 = a(6)?> + b(6) + c = 36a + 6b + c = 14



a+b+c=9
Then the linear system 16a+4b+c =6
36a+6b+c=14

1 1 1 a 9
Matrix form AX + B = (16 4 1 ) <b> = ( 6 )
36 6 1 c 14

Then we solve it by using Gauss method:

1 1 1 9 erenan (I 1 1 9
,=AB=(16 4 1 6 |=>*——20 -12 -15 -138

R3——36R{+R3
36 6 1 14 0 —-30 —-35 -310

1 1 1

= R; — _ERZ + R, 0 —-12 -15 _q3g
12 5
o 0 - 35
a+b+c=9
Back substitution —12b " 15¢ = —138
EC =35

' = gc =35=c=14, —12b—15¢=-138 = b = _1501‘2138 = _2101-2138 - _¢

=a+b+c=9=a=9-b—-c=a=9+6—-14=1
Therefore the functiony = ax? + bx + ¢ = y =x% —6x + 14



