Lesson 2: Introduction to matrices

Definition
Let A be square matrix with order n. then determinant of A is a scalar value of a function of entries of A.
The determinant of A is denoted by:

o det(A)or

e 4]

e |A|lER

Example

a b c
1. LetA=(e f g) then
3x3

p q r
a b c
a. Determinantof A=det(4d)=1le f g
p q T
4.2. Determinants of Matrices with Order 2
Definition:
Let A= (ccl Z) be a 2 X 2 matrix.then determinant of Ais :
» det(A)=|A| = ad — bc
Example
Llet A= (‘7* g) then find a. det(A) b. det(24)
2. Let A= (’15 3;;Cx) and |A| = 3, Then find x
3. Let A= (Ccl Z) and det(A) = 4 then find determinant of the following matrices

a _b
C. (4Ca 4db) d.< 4£ 24)
4

4

a (3aa+c 3blfi—d) b. (gccl EZ)

4. Determine determinant of a matrix | = (1 O)

Solution o
1, A=(‘7L ;‘) a alet(A)=|‘7L §|=4><2—5><7=8—35=—27
2. A=(’1C 32*;‘) and |4] = 3

det(A)=|’1C 32*;Cx|=3

=2x2-B3+x)=3=>2x*-x—-3=3

=2x2—-x—-6=0
©2x2—4x+3x—-6=0
S2x(x—2)+3(x—-2)=0



S 2x+3)(x—2)=0=2x+3=00rx—2=0

=>x=—%orx=2
_(a b _
3. A= (9 ]) and det(a) = 4
det(A)=4:)|Z Z|=4‘:>ad_b(::4‘
a b a b B ~
(3a+c 3b+d):>|3a+c 3b+d =a@B3b+d)-bBa+to)

=3ab + ad — 3ab — bc
=3ab—3ab+ad —bc=ad —bc =4

Sa 5b| = 5a % 5d — 5b X 5¢ = 25ad — 25hc

5¢ 5¢ 5d

= 25(ad — bc) = 25 x 4 = 100
. =4ad —4bc =4(ad — bc) =4 x4 =16
1

5b

5d)

4a 4b

e (%)

@ _»

. (‘% a4>_ﬂ_£_i(ad_bc):i:4
5 3

T 16 16 16 16

(1 O\ _ 11 _nn=1_0=
4. |_(0 1)_1.1 00=1-0=1
4.3.Minors And Cofactors of Elements of Matrices
Definition:
LetA = (aii)an be a matrix and M be the sub-matrix of A obtained by deleting the
ith — raw and jth —Columnof Afor i;j = 1,2,3,...n. Then:
I. The minor for A at location (i; j), denoted by Mij(A)' is the determinant of
the sub matrix Aij'
I1. The cofactor, denoted by Al-j(A), for A at location (i, j) is the signed determinant of
the sub matrix Aij'
A 4j(A4) = (=)™ My;(A).
Remark.
= the cofactor Cij(A) at location (i, j) can be computed as
C.o(A) = { det(Aij),ifi +j iseven
U |~ det(Ay), ifi +j is odd
Example:

a1 Q12 4i3
1. let A=|az1 azz azz |, then find all minors and cofactors of A
az; 04z dszz



Solution:

All the minors of A are:

a

M;, = deleate first row and first column = |a§§
, az1

M;, = deleate first row and second column = |a31
, . az1

M;; = deleate first row and third ccolumn = (s
. a2

M, = deleate second row and first column = sy

a
M,, = deleate second row and second column = |a§1
a
M,; = deleate second row and third column = |ai
. ) aiz
M3, = deleate third row and first column = |a22
a
M3, = deleate third row and second column = |ai
a
M;; = deleate third row and third column = |ali

and all the cofactors of A are:
C ij(A) = (_1)i+j M;;

Cq11=CD" My =My
C1p=(D"2 My =-My, =
C 13~ (_1)1+3 M3 =My3 =
C21 = (_1)2+1 M3y = —M3, =
C 99 = (=1)**2 My, = My,
Co3= (=1)**3 My3 = My3 = —ay,a3; + agp03,
C31= (1)1 M3y = M3, Q120323 — A13022
C3p= (—=1)%*2 M3y = M3y = —ay10;3 + G130z,
C33= (—1)%**3 M33 = M35 = aj10a;; — G120,

Q32033 — Ap3032
—Qz1033 + dp3033
Q1032 — 42031
—ay2033 + ay3a3;

= Q31033 — 43037

1 2 3
1. Let A= (5 2 1) the find
0 3 2
a. the minors and cofactors of A

b. find a11A11 + a12A12 + a13A13

Solution:
Minors of A

- M11=|§ ;|=2><2—1x3=1,

Z;ﬂ = Qp2033 — Az3032
Zzzl = Q21033 — Az3033
Zzzl = Q21032 — Az2031
Z;zl = Qq2033 — A13032
Ziﬂ = Q21033 — A23031
Z;zl = 011032 — Q12031
Z;ﬂ = Q12023 — A13032
Z;ﬂ = Q11023 — A13021
Z;ﬂ = Q11027 — Q12021

cofactors of A
C 11~ (—1)1+1 My =1



- M12:(5)
- M13:(5)
- M21=§
- Mzzz(l)
- Mz3:(1)
- M31:§
- M32:;
= M33:é
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=5%x2-0x1=10., Cq5=(CD"?* My =-10
=5%x3-0x2=15 Cq3=(C-D"M;3=15
=2X2-3%x3=-5 Coq=C1*""My =5
=1x2-0x3=2, [Cyy=(-1)*"2 My =2

=1x2-0x3=2 Cyg3= (-1 My =-2
=2Xx1-2x3=-4, C31=(1*"1M3 =-4
=1x1-3x5=-14,C 3, = (-1)*"* M3, = 14

=1x2-2x5=-8, C33= (1" M3 =-8

1 2 3

0 3 2

a11A11+a12A12+a13A13:1X1+2X(—10)+3X15:1—2+45:4‘4

2. Find minors and cofactors of A= (é é) and B= (4)
Solution
a. Minors of A Cofactors of A
My, = 13| =3 Ayg= My =3
M, =15 =5 Ajp= —M;; =-5
My, =1 =1 A= My, =1
My, = 12| =2 Aqq= My =2

b. B= (4), the matrix has no minor and cofactor.

Note
The sign (—1)**/on the cofactor of a matrix is a pattern with +’s on the main diagonal.

o)

4.3. Determinant of A square Matrix with Order 3

as
azs) be a 3 x 3 matrix then
aszs
as
azs
ass

aip

Qazz

asz
aiz
azz
azz

aiq
Definition: Let A= <az1

aszq
agq
azi
aszq

det(A) =




Suchthat det(A) = a 11,C11 + a12C12 + a13C13 ... .... first row expansion
=a 51031 + ay,C55 + ay3C53 ... ... ....sSecond row expansion
= a 31031 + a3,C35 + az3C33 ... ... ... third row expansion is generally said
to be the cofactor expansion along rows.
Examples:

1. Find the determinant of the following matrices.

1 2 3 2 30 1 0 2 2 1 1
aA=(3 1 0 b.B=(1 1 2 c.D={0 1 2| dC=|3 2 0
2 3 5 0 2 0 1 0 0 2 3 3

Solution:

1 2 3
a. A:<3 1 0)
2 3 5
1 2 3
=det@ =3 1 o|=1x[ f+2]F J+33 !
2 3 5 3 5 2 5 2 3
=1(1x5-0x%x3)+(—2)(3x5—-2%x0)+3(3%x3—-2x1)
=(5-0)+ (=2)(15-0) +3(9 — 2)
=5—-30+21
det(A) = -—13

2 3 0
b, B=<1 1 2>=>det(B)=2|; (2)|+(—3)|(1) g|+0|(1) ;
02 0
=2(1x0-2%2)+(=3)(1x0—0x2)+0(1x2—0x1)
=2(0 — 4) — 3(0) + 0(2 — 0)
= -8
. det(B) = —8



