Lesson 2: Properties of Determinants of Matrices

1 letA= (aif)an be a diagonal or a triangular matrix then det(A) is the product of its diagonal

elements
Example:
-2 2 3 2 2 3
/0 8 4 4 5 6\ 8 0 0 O
; ; i 0 01 4 8 9| 0 2 0 O
Find determinants of A= 0 00 4 8 9 and B = 00 4 0
0 00 0 1 8 0 0 0 3
0 00 0 O0 09
Solution:
-2 2 3 2 2 3
0 8 4 4 5 6
A= 8 00 01 i g 3 is the upper triangular matrix,
\0 0 0 01 8/
0 00 0 0 9
= det(4) = —-2%x8X1%Xx4Xx1x9=-576
8 0 0 O
B = 0 2 0 O
=lo o0 4 O> is a diagonal matrix,thendet(B) =8 x2 x4 X 3 =192
0 0 0 3
2. Interchanging rows or columns of a square matrix changes only the sign of its determinant.

..o RiOR; .
i.e.ifA—— B fori +# j, then |A| = —|B]|

1 5 6 1 5 6
Example: compare determinantsof A=(0 2 O0Jand B=|0 1 2

0 1 2 02 0
156 2 0 1 2

Solution: det(4) = [0 2 0:1|1 2|=2><2:4and det(B)=1|2 o = —4
0 1 2

Therefore det(A) = —det(B)
3. Adding constant multiple of a row or column of a square matrix A on to an-other row or column of A
doesn’t change its determinant.

Ri = KRj+R;
ie. A—>Bforl¢]andkERthen |A| = |B]
1 2 3 1 2 3
Example: CompareA=(4 5 6|, k=3andB=| 4 5 6
1 2 2 1+43 246 249
Lz3 5 6 4 4 5
Solution : det(4) = [4 5 6| =12 °|-2] |+3| =—2-4+9=3
2 2 1
1 2 2
S Bt -2 R
det(B) =| 4 5 6 |=1 —2 +3
143 246 249 24+6 249 1+3 249 1+3 246

=52+9)—-6(2+6)—2[42+9)—6(1+3)]+3[4(2+6)—5(1+3)]



4,

5.

6.

=5%x11-6%x8—-8x%x11+12%x4+12x8—-15%4
=55—-48—-88+4+48+96—-60
det(B) =3
= det(A) = det(B)
Multiplying a row or column of a square matrix A by any constant k its determinant equals k times
det(A).

. R; —kR;
i.e. A—— B,then |B| = k|A|

. . (1 2 _( 1 2
Example : Compare determinants of A = (3 5) and B = (3 x4 5x 4)

Solution:det(A)=|é §|=5—6=—1anddet(3)=|3>1<4 5>2<4|=5><4—2(3><4)=—4

If A is a square matrix of order n and k is a scalar then: |kA| = k™|A|.
Example:1. Let A = (Ccl Z) ,if det(A) = 3,then find determinant of B = (
Solution: k =4 and order of A=2
IB| = |i‘C‘ iZ| — 4a(4d) — 4b(4c) = 42(ad — bc) = 4% det(A) = 16 * 3 = 48

s aa)

a b ¢ 2a 2b 2c
2. letA = (d e f),if det(A) = 4, then find det(B),B = <2d 2e 2f>,
g h i 2g 2h 2i

Solution k = 2,and orderof Ais 3x3,n=3

a b c

B = 2<d e f>,= 24 = det(B) = k" det(4) = 23(4) =8%4 =32
g h i

If a square matrix A has zero rows or columns then its determinant is zero.

1 2 3
Example: find determinant of A= (0 0 O)
4 5 6
Solution: det(A)is determined using second row expansion

det(A)=0|§ Z_0|41L 2|+0|£1L §=0

If a square matrix A has identical rows or columns then its determinant is zero.

1 2 3
Example: find determinant of A= <4 5 3)

1 2 3
Solution: det(A) = 1 |§ §| —2 |‘1L §| +3 |‘1} ;’| —15-6-2(12—3)+3(8=5)
=9-18+9=0
~det(4A) =0
Determinant of a square matrix A and determinant of its transpose is the same.
i.e. |A| = |AY

1 0 2
Example: let A = (4 2 0> then find determinant of A and At
0 1 2



2 21

Solution: det(A) = 1 4 2 §| =4-2+4(2)=10

1 2
1 4 0

detd) =10 2 1 =1|(2) ;|+2|‘2L (1’|=4+2*4=10
2 0 2

9. Determinant of an identity matrix is always 1.
1 0 0
0 1 0
0 0 1
10. let A and B be two square matrices of the same order , then det(AB) = det(A) det(B)

Example: let A= (411 ;) and B = (11} g) be matrices then show that det(AB) = det(A) det(B)

Solution: AB = (;L ;) (;L g) = (146_:'25 Zg I 10) _ (261 390)

det(4B) = |261 390| —21+9-30%6=189— 180 = 9

i.e. det(l,) = =1"=1

de(A)=|‘1L §|=4*2—5*1=8—5=3cmdolet(3)=|‘1L g|=4*2—5*1=8—5=3

Then det(A) det(B) =33 =9
~ det(AB) = det(A) det(B)
11. For any square matrix A det(A™) = (det(4))™, form € Z*
Example: le A and B are square matrices of order 3 with|A| = 2 and |B| = 5, then find
A. det(4h) B. (det(A4))* C. det(34%)
Solution:
A. det(4*) = (det(A)* =2* =16 (.det(34%) = 33(det(4))? =27 *4 = 108

12. Let A bean invertible square matrix, then det(A) = $

Proof: let A be an invertible matrix with inverse A~1, then
AA™Y =] & det(4471) = det(])
& det(A) det(A™ ) =1

_ 1
= det(4™1) = )

Example: let A and B be two invertible matrices of order 4 and det(A) = 3,det(B) = 4, then

Find a.det(4™1) b. det(A™1B)
Solution
- 1 1 _ _ det(B) _ 4
a. det(d™) = G =3 b. det(A~B) = det(A™1) det(B) = de:(A‘l) = T =12

1.3. Inverse of a Square Matrix
i. Ad joint of a Square Matrix



Definition:
Adjoint of a square matrix A = (a;;) is defined as the transpose of the matrix A= (4;;)where
A;; isthe cofactor of the element a;;.

Adjoint of A is denoted by Adj(A)= (A;)"

1 0 1
Example: find Adj(A) if A= (2 3 —1)

40 0

Solution: Ay, = My, = |(3) _01| =0 Ayz= —M,; = |i 8 =0
D= My, = =[5 | =4 =My =]y 1 |=-3
D= My =2 3] =-12 Bp=—My =]y 1 |=3

b1 My = =[] =0 Byy=tss =y 3l =3

1 1
A22:M22:|4 0 =—4

A1 D Ags 0 -4 -12
Now (4;;) = (821 B2z Ayz |=(0 -4 0

Azy Azy  Asg -3 3 3

. 0 -4 -—-12\° 0 0 -3
.'.Adj(A)z(Aij)=<0 —4 0>=<—4 —4 3)

-3 3 3 —-12 0 3

Example

1 1 2
1. LetA= (3 4 3>,thenfind

2 2 1

a. det(A) b.Adj(A) c.A(Adj(A)) d. (Adj(A)A

solution:

3

2
¢ A11 AIZ A13 t

b. Adj(A) = (A;;) =(h21 Dzz Ay

a. det(A)=1|‘2L i|—1| i|+2|g §|=4—6—(3—6)+2(6—8)=—3

Azy Azy  Aszg
4 3 1 1
Ajy=Myq = |2 1 = -2 Ayz=—My3 = |2 2 =0
3 3 1 2
A= _M12=_|2 1 =3 A31=M31=|4 3 = -5
3 4 1 2
Ajz= M3 = |2 2 = -2 Azy=—M3, = |3 3 =3
1 2 1 1
A= —M21=—|2 1 =3 As3= M33=|3 4 =1

1 2
A22=Mzz=|2 1 = -3

Ajp DA Ag3 ‘ -2 3 =2\' -2 3 =5
o Ad](A) = <A21 Azz A23> Z( 3 —3 0 ) = ( 3 _3 3 )

A31 A32 A33



11 2\/-2 3 -5 —243—-4 3-3+40 -5+3+2
c. A(Adj(A))=(3 4 3|3 -3 3 |=|-6+12-6 9-124+0 —-15+12+3
2 2 1/\=2 0 1 —44+46-2 6-6+0 —10+6+1

-3 0 0 100
=<0 -3 0):—3(0 1 O>=—3I=(Adj(A))A
o 0 -3 00 1

= A(Adj(A)) = (Adj(A))A = det(A) ]

Note: For any non-singular square matrix A: |A| = |A X Adj(A)| = |Adj(A) X A|
e  Square matrix A is said to be:
v' singular if f |[A| =0
v non-singular |A| # 0




