Lesson 3 : Inverse of a Square Matrix

Definition:
A square matrix A is invertible if and only if A is non- singular
A"l = Adj(4)
|4

Examples

1. Which of the following matrices are singular or non-singular

1 2 1 1 2 -1
a. A=(3 1 -2 bb.B=(-3 4 5
01 -1 -4 2 6

2. Find k such that the following matrices are singular

C e 1 2 -1
a.A:(4 3) b.B=(—3 4 k)
—4 2k 6

3-k 6

3. Find the inverse of A= ( 5 4 k) ifk=1?

4.  Find the inverse if it exist of the matrix
0 -2 -3
a A:(1 3) b.B=<1 3 3)
2 -1
-1 -2 =2
: o |-3 —x| _
5. Find x if |3x 4 | =15
6. Inagiven matrix A, if det(A) = % , then find |[472|

Solution:
12 1\ 12 1

1 a.A=<3 1 —2>=>3 12| =1]; Zi-2d A1) ]
01 -1/ lo1 -1

=-14+2+6+3=10

~ det(4) = 10 = det(4) # 0, A is non — singular

1 2 -1
b. B=(-3 4 5 |sda@ =1} 2|-2|73 3+n|3 ¢
I 2 6 “l-a 6 —4 2
=24 —10 — 2(—18 + 20) + (-1)(—6 + 16)
=14-4-10=0
det(B) = 0 = A is singular

2. a.A=(Z g),ifAissingular|A|=0

=>|Z g|=3k—24=0=>3k=24=>k=8



1 2 -1
b.B = (—3 4 k ),ifB is singular det(B) = 0

—4 2k 6
12z -1 4 k| .1-3 k _3 4 . .
_ kl=1 _2 (—1) —0..
= _i 24k ; |2k 6| |_4 6| + |_4 2k| first row expansion

& 24 —2k? — 2(—18 + 4k) + (-1)(—-12k + 16) = 0
=24 -2k*+36—-8k+12k—16=0
& 2k +4k+44=0= —k?+2k+22=0

zkz%:_m,az—l,bzlandczﬂ
=k=1++23

~k=1++V230rk=1-+23

3. Find the inverse of A= (3 7% © Jifk=12

_(3-1 6 \_(2 6 o
A—( ) 4_1)—(2 3)andA =1
COfCtOT, A11: 3 B A12: _2, A21: _6, A22: 2
t

_ (3 =2 n_ (3 -2y _(3 -6
:)A_(_6 z)a”dAdf(A)_(—6 2)_(—2 2)
_12 6] _ _ _
=>|A|_|2 3|_2*3 6+2=—6
3 —6 3 6 1
_1:AdJ(A):(_2 2): 6 6 |_ 1
Al —6 : 2 11
6 6 3 3
_(1 3
4 aA=(, )
COfaCtOI’S Of A: A11= -1 ) A12= _2, A21= _3, A22= 1
(-1 =2 v (=1 =2\ _ (-1 -3
:A—(_B 1)andAd](A)—(_3 1)—(_2 1)
N I O N
==, °|=-1-6=-7
w (L3 [
L _Adj@A 2 1) _[7 7
ar =7 T\2 1
7 7
0 -2 -3
b.B=<1 3 3>
-1 -2 =2
Cofactors of B
A11=0, Az1=2, A31=3
A= —1, Bz2=3, Azp;= =3

A13= 1, A23= 2 A33= 2



0 -1 1 0 —1 1\% 0 2 3
ThenA=(2 3 2|andAdjd)=(2 3 2| =(-1 3 -3

3 -3 2 3 -3 2 1 2 2
13 3, o1 3., a1 3_ .
|A|_O|—2 —2| (2)|—1 —2|+( 3)|—1 —2|_0+2 3=-1
(0 2 3)
—1 3 -3
o _AdjA) _\1 2 2 0 -2 -3
4] -1 -1 -2 -2

5. |_3 _x|=15:>—3><4+3x><x=15:>3x2—12=15
3x 4
& 3x2 =15+ 12
S x2=9 = x =43
6. det(A)= % then find |A~1|

1
A7 =— =147 =

=4
Al

ENEE

o |A_1| =4

Note:
= Not every square matrix is invertible
= A square matrix is invertible if and only if its determinant is not zero
= For two square matrices A and B if AB exists and is invertible
Then (AB)™1 = B~1471

1.3. Solution of System of Linear Equations Using Crammer’s Rule
Crammer’s Rule:
Consider the system of linear equations of two variables x and y:

ax+by=c
ax + by =cy
a, b - .
Let A= @ b be a coefficient matrix then:
2
L] |C1 b1| |A| a C1|
_1Axl _ lez by _ Ayl _la; c : .
== |a1 b1| andy = s |a1 b1|..... Unique solution.
ay b2 az b2

» if |A| = 0,then it has two possible solutions
v Nosolution when |A,],|4,| # 0
v'Infinite solution when [4,],|4,| =0

2x—3y=7
3x+5y=1
Solution: A= (é _53),|A| = |§ _53| =10+9=19

Examples: 1. solve the system {

A= (] ) =[] =35
h=(5 ) nl=l Jl=2-2=-1



Then the system has unique solution since |A| # 0
x="l_38_, andyzﬂzgz—l
[l 19 4] 19

Therefore {(x,y)} = {(2,-1)}

Consider the system of linear equations of three variables
a;x + by +cz=d,
ax + by +c,z=4d,
azx + b3y + c3z = d;
Hence determinant of coefficient matrix is

a by ¢
|A| = az bz CZ y |f |A| 7‘: 0
as bz ¢
di by 1 a; di ¢ a, by dq
d, b, c, | | a, dp, cC3 a, by dp
_ Al _ld3 b3 c3 _ 14 _lazg d3 ¢ _ 1Al _lag bs ds
X = |A| ~1ay by cq|? - |A| ~jay by 1 andZ_ |A| ~lja1 b1
a; by c; az by cz|, a; by ¢,
as b3 C3 as b3 C3 as b3 C3
—4x+2y—9z =2
Example solve the linear system { 3x+4y+2z=5
x—3y+2z=8
-4 2 -9 —4 2 -9
Solution: 4 = ( 3 4 1 >,|A| =13 4 1|=-4|% J|-2f} J+cof
1 -3 2 1 -3 2
=—-48+4+3)—-2(6—-1)—9(-9—-4) =63
|A] = 63
2 2 -9
[A,] =15 4 11,14, =2(11) —2(2) —9(—47) = 22 -4+ 423 =441
8 -3 2
|A,| = 441
—4 2 —
|Ay| =3 5 1|=-42)—-2(5)-9(19)=-8-10—171=-189
1 8 2
|4,| = —189
-4 2 2
14,|=|3 4 5|=-4(47)—2(19) + 2(~13) = —188 — 38 — 26 = —252
1 -3 8
|A,| = —252
Ayl 441 |4y 189 |Azl 252
Hence x ="t =—=7, y="L=—-"—=-3andz="%2=-"=—4
1Al 63 [y 63 14| 63

So the solution setis{(x,y,z)} = {(7,-3,—4)}

x+y—z=1
1. Solve the system{x —y+z=2
2x+2z=3



1 1 -1 1 1 -1
Solution:A=<1 -1 1>,|A|: 1 -1 1 :1|—01 ;l_llé %|+(_1)|é —01|
2 0 2 2 0 2
=1(-2) - 1(0) — 1(2) = —4
Al = -4
1 1 -1
A l=12 -1 1[]4=1(-2)-11)-13)= -2-1-3=-6
3.0 2
|Ax|=_6
11 -1
A)|=[1 2 1[{=11D-10)-(-1)=1-0+1=2
3 2
|Ay|:2
1 1 1
A,l=11 -1 2|=1(-3)-1-D+12)=-3+1+2=0
2 0 3
|Az|:0
Hencex=@:_—6:§,y=M=_Z=_landzzlAz|:1=0
|4] -4 2 |4] 4 2 |A] -4

The system has unique solution {(x,y,z)} = {G —%, 0)}

x+y—z=1
2. Solvethesystem{x—y—z=2
—2x+2z=13
Solution:
1 1 -1 1 1 -1
A=<1 —1 —1>,|A|= 1 -1 -1 =1|_01 _21|—1|_12 _21|+(—1)|_12 _01|
-2 0 2 -2 0 2
=1(-2)-1(0)+1(2)=0
|Al =0
1 1 -1
A, =12 =1 =1],14,]=1(-2)-1(7)-13)= —2—-7-3=-12
3 0 2
|[Ax| = —12
1 1 -1
4, =11 2 -1|=17D-10)—-(7)=7-0+1=0
-2 3 2
|Ay|:0
1 1 1
4,=1 -1 2[=1(-3)-1(D+1(-2)=-3+7-2=2
-2 0 3

|Az| =2



12 g W0 G ditermi Al 2
Hence x—lAl—O—iﬂ, y—lAl—O(mdltermmate)andz—lAl—O—?.l

The system has no solution.

1.4. Application
=  Polynomial interpolation
= Areaof triangle in xy —plane
= Test for collinear points in xy-plane
= Two point equation of a line
1. Polynomial interpolation
a. Consider the points(1,2), (2,5)and (3, 36). Find an interpolating polynomial
p(x) of degree at most two. And estimate p(2)
Solution: let p(x) = a + bx + cx?be a polynomial of degree two
p()=a+b+c=2,p(2)=a+2b+4c=5and a+ 5b + 25¢c = 36
Then the system of linear equation becomes
a+b+c=2
{ a+2b+4c=5

a+5b + 25¢c = 36
Using Crammer’s rule

11 1 11 1
A=<1 2 4),IAI= 1 2 4[=1125-20)—-1(125—-4)+1(5—-2)=-13
1 5 25 1 5 25
2 1 1
|4zl =|5 2 4|=2(50—-20)—1(135— 144) + 1(25 — 72) = 22
36 5 25
1 2 1
Al =[1 5 4|=1(50-144)—2(25—-4)+1(36 —5) = —105
1 36 25
1 1 2
|Al=|1 2 5|=1(72-25)—-1(36—-5)+2(5 —2) = 22
1 5 36
Hencea =al = 22 = 149 p=1bl- 10 _gg7 c=ld_ 22 _ 449
|A| -13 |A] -13 |A] -13

Therefore the required polynomial is p(x) = —1.69 + 8.07x — 1.69x?>

» p(2) =-1.69 +16.14 — 6.76 = 7.69
2. Areaof aTriangle in xy — plane



Let A(xq,v1), B(x2,v,) and C(x3,y3) be three vertices of a triangle then:

(1 x1 Y1 1 x1 Y1 1

Z1%2 ¥2 1, if |x, y, 1] > 0
1 1

= Area(AABC) =4 3 3 *3 V3

I LSt 1 xg y1 1

—x2 y2 1], if |x2 y2 11 <O

Uxs ys 1 x3 y3 1

Example: find the area of a triangle with vertices pass through the following points

a. (—=2,0),(0,2)and (2,0) b. (1,0),(2,1)and (2,3)
Solution:
-2 0 1
a. (=2,0),(02)and 2,00)=|(0 2 1/=-22)+0+1(-4)=-8<0
2 01
-2 0 1 1
A(A)z—E 0 2 1 =—§(—8)=4
2 01
Therefore area of a triangle is 4 sqg.unit.
1 0 1
b. (1,0),2,Dand 23) =12 1 1|=1(-2)+0+1(4)=2>0
2 31
111 0 1
A(A)=§2 1 1 =§(2)=1
2 3 1

Therefore area of a triangle is 1 sg. Unit.

c. Area of atriangle passing through pointsA(2,1), B(x, 3x)and C(—1, 4)is 2sq. unit.
Find x.
Solution: area(A) = 2

2 1 1
Caselif |x 3x 1|>0
-1 4 1
) 2 1 1 .
A =[x 3x 1|=2(2Bx-4) =10+ 1) + 1(4x + 3x)
-1 4 1
A =2 = o ) o 12 -9 =4 x =1
2 1 1 ) 2 1 1
Case2.if [x 3x 1 <0’A(A)=_E ¥ 3x 1
-1 4 1 -1 4 1
A(A)=2=>—w=2<:>12x—9:—4=>x:%



3. Test for Collinear Points in xy-Plane

Let A(xq,y1),B(x5,y,) and C(xs3,y3) be three Collinear points in xy — plane if
x1 Y1 1
X2 Y2 1
x3 y3 1

and only if =0

Example: determine if the following points are collinear or not.

a. (0,2),(1,1)and (3,—1) b. (1,2), (1,1) and (3,—-1)
Solution:
x1 y1 1
a. (0,2),(1,1)and (3,—1),test |x; y, 11=0
x3 Y3 1
0 2 1
=1 1 1{=0-2(-2)+1(-4)=4—-4=0
3 -1 1
0 2 1
1 1 1| =0,therefore the points are collinear
3 -1 1
b. .(1,2), (1,1) and (3,—-1)
x1 y1 1
test |x, y, 1|=0
x3 y3 1
1 2 1
=11 1 1|=112)-2(-2)+1(-4)=2=+0
3 -1 1

=~ therefore the points are not collinear



